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A subset A of the circle group T is a Dirichlet set if there exists an increasing 
sequence u = (un)n∈N0 in N such that ‖unx‖ → 0 uniformly on A. In particular, 
A is contained in the subgroup tu(T) := {x ∈ T : ‖unx‖ → 0}, which is the subgroup 
of T characterized by u.
Using strictly increasing sequences u in N such that un divides un+1 for every 
n ∈ N, we find in T a family of closed perfect D-sets that are also Cantor-like sets. 
Moreover, we write T as the sum of two closed perfect D-sets. As a consequence, 
we solve an open problem by showing that T can be written as the sum of two of 
its proper characterized subgroups, i.e., T is factorizable. Finally, we describe all 
countable subgroups of T that are factorizable and we find a class of uncountable 
characterized subgroups of T that are factorizable.
© 2017 Published by Elsevier B.V.
1. Introduction
Let N denote the set of all strictly positive natural numbers and let N0 := N ∪ {0}. The behavior of the 
sequence of multiples (unα)n∈N0 , where (un)n∈N0 is a sequence of integers and α ∈ [0, 1], considered mod-
ulo 1 has deep roots in Topology (precompact topologies on Z with or without converging sequences [4,15]), 
Harmonic Analysis (sets of convergence of trigonometric series, thin sets) and Topological Algebra (topo-
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of sequences) and Dynamical Systems.
On the other hand, we are interested in the following two kinds of thin sets; the first one was introduced by 
Arbault in [1] in studying the sets of absolute convergence of trigonometric series, the second one analogously 
by Kahane in [28] (see also [29]). For a general treatment of thin sets in Harmonic Analysis we refer to the 
survey paper [10].
Definition 1.1. A set A ⊆ [0, 1] is:
(a) an Arbault set (briefly, A-set) if there exists an increasing sequence u in N such that (sin(πunx))n∈N0
converges to 0 for all x ∈ A.
(b) a Dirichlet set (briefly, D-set) if there exists an increasing sequence u in N such that (sin(πunx))n∈N0
converges uniformly to 0 on A.
Clearly, a D-set is necessarily an A-set. Moreover, every D-set is included in a closed perfect (i.e., with 
no isolated points) D-set and has Lebesgue measure zero (see [22]). The classical Dirichlet Theorem on 
Diophantine approximation implies that each finite set is a D-set (see [28], for a proof see [9, 8.133]).
A general aim of this paper is to study D-sets and A-sets in the light of the theory of characterized 
subgroups of the circle group T = R/Z, and vice versa. So, we start by “moving” D-sets and A-sets to T as 
follows. Let  : R → T be the canonical projection, then ϕ :=  [0,1): [0, 1) → T is a bijection.
Definition 1.2. A subset A of T is a D-set (respectively, A-set) if ϕ−1(A) ⊆ [0, 1] is a D-set (respectively, 
A-set).
We give several basic properties of A-sets and D-sets in Section 2.1. In particular, subsets of A-sets are 
clearly A-sets and subsets of D-sets are clearly D-sets. We see that also the closure of a D-set is still a D-set 
(see Proposition 2.5). Moreover, A-sets and D-sets have Haar measure zero (see Lemma 2.6).
It will be immediately clear from the definitions that a subset A of T is an A-set precisely when A is 
contained in some characterized subgroup of T. Indeed, following [20] (the terminology was given in [7]), 
a subgroup H of T is characterized if there exists a sequence u in Z such that H coincides with
tu(T) := {x ∈ T : unx → 0}.
Note that tu(T) = T precisely when u is eventually 0. If u is not eventually 0, we suppose without loss of 
generality that all members of u are non-zero, so we can also assume that u is in N, since tu(T) = t|u|(T), 
where |u| = (|un|)n∈N0 . It is worth to recall also that every countable subgroup of T is characterized (see [7], 
and see [6] and [19] for more general results).
The characterized subgroups of T are studied in Topological Algebra (e.g., see [7,14,18,30,33] and the 
papers [24–27] by Gabriyelyan), but also in relation to Diophantine approximation and Ergodic Theory (see 
[7,31,38]). We refer to the survey paper [13] for a comprehensive discussion on the characterized subgroups 
of T.
In this paper, we are interested in the following special kind of sequences in N and characterized subgroups 
of T.
Definition 1.3. A sequence u = (un)n∈N0 in N is arithmetic (briefly, an a-sequence) if u is strictly increasing, 
u0 = 1 and un divides un+1 for all n ∈ N. A subgroup H of T is a-characterized if there exists an a-sequence 
u in N such that H = tu(T).
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of positive integers (qun)n∈N by letting, for every n ∈ N,
qun :=
un
un−1
.
Using this sequence, we can rewrite the sequence u as
1 = u0 < u1 = qu1 < u2 = qu1 qu2 < u3 = qu1 qu2 qu3 < . . . .
We recall also that an a-sequence u in N is called q-bounded if {qun : n ∈ N} is bounded.
By using the a-sequence u and the sequence (qun)n∈N one can find the following representation for every 
element x of T. Indeed, by identifying T with [0, 1) by means of the bijection ϕ : [0, 1) → T, it is known 
(see [35]) that for every x ∈ T there exists a unique sequence (cn(x))n∈N in N0 such that
x =
∞∑
n=1
cn(x)
un
, cn(x) < qun for every n ∈ N, and cn(x) < qun − 1 for infinitely many n ∈ N. (1.1)
For x ∈ T, let
suppu(x) := {n ∈ N : cn(x) = 0}.
For more details on the canonical representation (1.1), see Section 2.2.
The a-characterized subgroups tu(T) of T are precisely the subgroups of topologically u-torsion elements 
of T; this concept generalizes that of topologically torsion elements (for un = n!) and that of topologically 
p-torsion elements (for un = pn), which were introduced to study the structure of locally compact abelian 
groups (see [2,8,12,21,37] and the survey [11]). The subgroup of the topologically p-torsion elements of T
was shown to be Z(p∞) in [2]. Generalizing this fact, it was proved in [21, Chap. 4], that for a q-bounded 
a-sequence u an element x ∈ T belongs to tu(T) precisely when all but finitely many cn(x) are 0. On the 
other hand, it was proved in [21, Chap. 4] that when qun → +∞ for an a-sequence u, then x ∈ tu(T)
whenever cn(x)qun → 0 in R. The following more precise theorem can be obtained from [12, Corollary 2.3] by 
taking I = N in that theorem:
Theorem 1.4 (See [16, Corollary 3.7]). Let u be an a-sequence in N with qun → +∞, and let x ∈ T. Then
x ∈ tu(T) if and only if cn(x)
qun
→ 0 in T.
A complete description of the a-characterized subgroups of T for an arbitrary a-sequence u can be found 
in [16, Theorem 2.3].
Following [34] (see also [10]), where only the sequence (2n)n∈N0 was considered, we introduce the following 
subsets of T.
Definition 1.5. Let u be an a-sequence in N. For L ⊆ N, let
KuL := {x ∈ T : suppu(x) ⊆ L}.
Clearly, 0 ∈ KuL since suppu(0) = ∅.
We are mainly interested in understanding when KuL is a D-set. Since finite KuL are always D-sets and KuL
D-set implies L non-cofinite (see Claim 3.2), we consider subsets L of N that are infinite and non-cofinite.
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is a Cantor-like set in the sense of the following definition, so in particular KuL is a perfect subset of T (see 
Theorem 3.8).
Definition 1.6. For every n ∈ N, let Kn be a non-empty finite set of pairwise disjoint closed intervals in 
[0, 1). Assume that:
(a) for every n ∈ N and for every K ∈ Kn there exist L′, L′′ ∈ Kn+1 such that L′ = L′′ and L′ ∪ L′′ ⊆ K;
(b) for every n ∈ N and for every L ∈ Kn+1 there exists K ∈ Kn such that L ⊆ K;
(c) max{λ(K) : K ∈ Kn} → 0, where λ denotes the Lebesgue measure on R.
The set C =
⋂
n∈N
⋃
K∈Kn K is a Cantor-like set.
The aim of Section 4 is to describe the sets KuL that are D-sets in terms of properties of the set L and 
the sequence of ratios (qun)n∈N of u. Since L is an infinite non-cofinite subset of N, one has a partition 
L =
⋃
n∈N Ln, where each
Ln = {mLn , . . . ,MLn }
is a finite set of consecutive naturals and the consecutive intervals Ln and Ln+1 are not adjacent (i.e., 
MLn < m
L
n+1 − 1). The non-empty set
Gn = {MLn + 1, . . . ,mLn+1 − 1}
“between” Ln and Ln+1 is called gap. For an a-sequence u in N, for every n ∈ N let
q˜Ln :=
∏
i∈Gn
qui =
umLn+1−1
uMLn
.
As we shall show in the sequel (see Proposition 3.3), the case L = 2N will become of extraordinary 
importance, this is why we shall rewrite the above data in this case:
mLn = MLn = 2n and q˜Ln = qu2n+1, for every n ∈ N.
One of the main results of this paper is the following description of the sets KuL that are D-sets.
Theorem 1.7 (see Theorem 4.8). If u is an a-sequence and L is an infinite non-cofinite subset of N, then 
KuL is a D-set precisely when supn∈N q˜Ln = +∞.
We recall the following notion, to better explain the meaning of Theorem 1.7 through some consequences.
Definition 1.8. An infinite non-cofinite subset L of N is large if the sequence (|GLn |)n∈N is bounded (equiva-
lently, there exists a finite F ⊆ Z such that N ⊆ F + L).
As a consequence of Theorem 1.7, we find that: when {qun : n ∈ N \ L} is not bounded, KuL is always a 
D-set; on the other hand, when u is q-bounded, KuL is a D-set if and only if L is non-large (see Corollary 4.10).
Moreover, KuL is a D-set when L is non-large. So, taking an infinite non-cofinite subset L of N which is 
non-large and with G := N \ L non-large, since T = KuL + KuG (see Theorem 5.1), we have the following 
result.
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Haar measure zero).
This is related to the result, proved by Erdös, Kunen and Mauldin in 1981, stating that, if P is a 
non-empty perfect subset of R, then there exists a perfect subset M of R of Lebesgue measure zero such 
that R = P + M (see [23]). Thirty years later, Eliaš proved that M can be found to be a D-set; in other 
words, for every perfect subset P of T there exists a perfect D-set D such that P + D = T (see [22, 
Theorem 3.2]).
We recall Problem 1.11 below, which was proposed in [3]. To better express it, we introduce the following 
notion.
Definition 1.10. Call a subgroup H of T factorizable (respectively, a-factorizable), if H = tv(T) + tw(T) with 
proper characterized (respectively, a-characterized) subgroups tv(T) and tw(T).
Clearly, a-factorizable implies factorizable. In the sequel we discuss the connection between the properties 
of being (a-)characterized and (a-)factorizable.
Problem 1.11. [3, Question 5.1] For sequences u and v in Z, describe tu(T) + tv(T) in terms of u and v.
(a) When is a given factorizable subgroup of T characterized?
(b) When is a given characterized subgroup of T factorizable? In particular, is T factorizable?
Clearly, it is worth considering the counterpart of Problem 1.11 for a-characterized and a-factorizable 
subgroups of T as well.
In Section 5, as a consequence of Theorem 1.7 and other results in the previous sections, we give answers 
to items (b) of these problems. First, we deduce from Theorem 1.9 the following
Theorem 1.12 (see Theorem 5.1). The circle group T is a-factorizable.
Then, we consider the countable subgroups H of T (as recalled above, these are all characterized sub-
groups of T) and we find equivalent conditions for H to be factorizable (respectively, a-factorizable): H is 
factorizable if and only if H is non-cocyclic (see Theorem 5.7), and H is a-factorizable precisely when H is 
a-characterized and non-cocyclic (see Theorem 5.9).
Since these results solve completely the countable case, we are left with the uncountable characterized 
subgroups of T and the following general problem.
Problem 1.13. Describe the uncountable (a-)factorizable (a)-characterized subgroups.
In this case we find a family of uncountable a-characterized subgroups of T that are a-factorizable:
Theorem 1.14 (see Theorem 5.16). Let u be an a-sequence in N such that qun → +∞. Then the a-characterized 
subgroup tu(T) is a-factorizable.
It remains unclear whether one can weaken the condition qun → +∞ to supn∈N qun = +∞ in the above 
theorem:
Question 1.15. Suppose that the a-sequence u in N is not q-bounded. Is it true that the subgroup tu(T) is 
factorizable? What about a-factorizable?
The following question is left open as well.
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a-factorizable?
In the countable case, as a consequence of our results, we see that a countable factorizable subgroup H
of T is a-factorizable precisely when H is a-characterized.
Acknowledgments. It is a pleasure to thank Daniele Impieri who participated in the first stages of this 
project, his contributions were published separately in his PhD thesis [32].
We are indebted to the referee for the very careful reading and the wealth of useful comments that led 
to a substantial improvement of the exposition.
2. Preliminaries
2.1. Dirichlet sets in T
For every x ∈ R, let φ(x) be the unique element in [−12 , 12) such that φ(x) ≡Z x, that is,
φ(x) =
⎧⎨⎩x − 
x if x − 
x ∈
[
0, 12
)
,
x − 
x − 1 if x − 
x ∈ [12 , 1) .
Moreover, denote by ‖x‖ = d(x, Z) the distance of x from integers, in other words, ‖x‖ = |φ(x)|.
Claim 2.1. For x ∈ R and n ∈ N0,
(a) sin(π‖x‖) = | sin(πx)|;
(b) 2‖nx‖ ≤ | sin(πnx)| ≤ π‖nx‖.
Proof. (a) For every x, y ∈ R, the condition x ≡Z y implies | sin(πx)| = | sin(πy)|. Since x ≡Z φ(x), we have
| sin(πx)| = | sin(πφ(x))| = | sin(π‖x‖)| = sin(π‖x‖).
(b) Let y = nx. For α ∈ R with 0 ≤ α ≤ π2 , we get 2πα ≤ sinα ≤ α. So, for α := π‖y‖, and applying 
item (a), we have 2‖y‖ ≤ | sin(πy)| ≤ π‖y‖. 
We give now equivalent conditions for a set A ⊆ [0, 1] to be an A-set.
Lemma 2.2. Let A ⊆ [0, 1]. Then the following conditions are equivalent:
(a) A is an A-set;
(b) there exists an increasing sequence u in N such that (‖unx‖)n∈N0 converges to 0 for every x ∈ A;
(c) (A) ⊆ tu(T) for some increasing sequence u in N.
Proof. (a)⇔(b) follows from Claim 2.1 and (b)⇔(c) is clear since u is in N. 
The following is the counterpart of Lemma 2.2 for D-sets.
Lemma 2.3. Let A ⊆ [0, 1]. The following conditions are equivalent:
(a) A is a D-set;
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(c) for every ε > 0 there exists v ∈ N such that supx∈A ‖vx‖ ≤ ε.
Proof. (a)⇔(b) follows from Claim 2.1.
(b)⇒(c) Clearly, for every ε > 0, there exists n0 ∈ N such that supx∈A ‖un0x‖ ≤ ε.
(c)⇒(b) By hypothesis, for every n ∈ N there exists vn ∈ N such that supx∈A ‖vnx‖ ≤ 1n . If the subset 
{vn : n ∈ N} of N is infinite, then there exists an increasing subsequence u of v with the required property. 
If {vn : n ∈ N} is finite, then there exists w ∈ N such that vn = w for infinitely many n ∈ N, hence 
supx∈A ‖wx‖ = 0. Thus, A is finite and letting un := nw for every n ∈ N, we get ‖unx‖ = 0 for every 
x ∈ A. 
Clearly, subsets of D-sets are D-sets. Moreover, we see in Proposition 2.5 that the closure of a D-set is 
still a D-set in view of the next lemma.
Lemma 2.4. If X is a topological space and (fn)n∈N is a sequence of continuous real-valued functions on X
that converges uniformly to 0 on a dense subset D of X, then (fn)n∈N converges uniformly to 0 on X.
Proof. Pick an ε > 0. Then there exists n0 ∈ N such that |fn(x)| ≤ ε for all n ≥ n0 and every x ∈ D. For 
n ≥ n0 the set f−1n ([−ε, +ε]) is closed and contains the dense subset D of X, so coincides with X; in other 
words, |fn(x)| ≤ ε for all n ≥ n0 and x ∈ X. Therefore, fn converges uniformly to 0 on X. 
Proposition 2.5. The closure of a D-set in T is a D-set.
Proof. Assume that H is a D-set. Then there exists an increasing sequence u, such that the sequence 
(unx)n∈N0 converges uniformly to 0 on H. By Lemma 2.4, (unx)n∈N0 converges uniformly to 0 on H. This 
implies that H is a D-set. 
We denote by μ the normalized Haar measure on T. For a sequence u in N, since tu(T) is a Borel set, so 
it is measurable.
Lemma 2.6. A proper characterized subgroup H of T has Haar measure 0. Consequently, a set of positive 
Haar measure in T is not an A-set, and so not a D-set.
Proof. Let a := μ(H) ≥ 0. Since T/H is a non-trivial divisible abelian group, T/H is infinite. Then, for 
every n ∈ N, there exist x1 + H, . . . , xn + H distinct cosets of H in T; clearly, na =
∑n
i=1 μ(xi + H) ≤ 1. 
Therefore, a ≤ 1n for every n ∈ N, that is, a = 0.
Assume that A ⊆ T has μ(A) > 0 and assume for a contradiction that A is an A-set. So A ⊆ tu(T) for 
some increasing sequence u in N. By the first statement, μ(tu(T)) = 0, a contradiction. 
The first statement of the following corollary follows from Proposition 2.5 and Lemma 2.6, the second 
one follows from the first one since every infinite subgroup of T is dense.
Corollary 2.7. No dense subset of T is a D-set. If H is an infinite subgroup of T, then H is not a D-set.
In particular, infinite characterized subgroups of T cannot be D-sets:
Corollary 2.8. If u is a strictly increasing sequence in N, then tu(T) is a D-set if and only if it is finite.
Finally, we discuss below when the union or the sum of two D-sets is again a D-set. An example showing 
that this need not occur in general will be given after Example 5.2.
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D1 ∪ D2 is a D-set.
Proof. Let us prove first the case when D1 = D2. Notice now that the sum D1 + D1 is obviously a D-set 
whenever D1 is a D-set.
In the general case, D1 ∪ D2 ⊆ D1 + D2. So it suffices to notice that if D1 ∪ D2 is a D-set, then also the 
sum (D1 ∪ D2) + (D1 ∪D2) is a D-set. As this sum contains D1 +D2, the latter sum is a D-set as well. 
2.2. The canonical representation related to an a-sequence
Let u be an a-sequence in N. For x ∈ T, recall that we identify T with [0, 1) and we use the canonical 
representation (1.1).
For a subset S ⊆ N, the S-truncation of x is
xS =
∑
n∈S
cn(x)
un
, so cn(xS) =
⎧⎨⎩cn(x) for n ∈ S,0 for n ∈ N \ S.
Remark 2.10. Let u be an a-sequence in N. For x ∈ (0, 1), set c∗n(x) = qun − 1 − cn(x) for all n ∈ N. It is 
straightforward to verify that
1 − x =
⎧⎨⎩
∑∞
n=1
c∗n(x)
un
, if suppu(x) is infinite,
c∗1(x)
u1
+ c
∗
2(x)
u2
+ . . . + c
∗
k−1(x)
uk−1
+ c
∗
k(x)+1
uk
, if suppu(x) ⊆ {1, 2, . . . , k} and ck(x) = 0.
(2.1)
Using this equality, one can obtain the nice description of the open ball
B 1
un
(0) :=
{
x ∈ T : ‖x‖ < 1
un
}
in Proposition 2.13. We need first the next claim, which will be frequently used in the sequel.
Claim 2.11. Let u be an a-sequence in N, x ∈ T \ {0} and m, M ∈ N with m < M .
(a) If suppu(x) ⊆ N \ {1, . . . , m}, then x < 1um .
(b) If suppu(x) ⊆ {m + 1, . . . , M}, then 1uM ≤ x ≤ 1um − 1uM =
∑M
n=m+1
qun−1
un
.
(c) If x ∈ B 1
um
(0), then suppu(x)  {1, . . . , m}.
Proof. (a) Write x =
∑∞
n=m+1
cn(x)
un
. Since 0 ≤ cn(x) ≤ qun − 1 for every n ∈ N and cn(x) < qun − 1 for 
infinitely many n ∈ N, it follows that
x <
∞∑
n=m+1
qun − 1
un
= 1
um
− 1
um+1
+ 1
um+1
− 1
um+2
+ . . . = 1
um
.
(b) Write x =
∑M
n=m+1
cn(x)
un
. Clearly, x ≥ 1uM . Moreover,
x ≤
M∑ qun − 1
un
= 1
um
− 1
um+1
+ 1
um+1
− 1
um+2
+ . . . + 1
uM−1
− 1
uM
= 1
um
− 1
uM
.n=m+1
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by item (b), x ≥ 1uk ≥ 1um and, by (2.1),
1 − x =
k−1∑
n=1
c∗n(x)
un
+ c
∗
k(x) + 1
uk
≥ 1
uk
≥ 1
um
.
Hence, x /∈ B 1
um
(0). 
The following lemma will be useful in the description of the sets KuL.
Lemma 2.12. Let u be an a-sequence in N and m, M ∈ N with m ≤ M . Then
S :=
{
M∑
n=m
cn
un
: cn ∈ N0, cn < qun
}
=
{
0, 1
uM
,
2
uM
,
3
uM
, . . . ,
i
uM
}
,
where i = uMum−1 − 1.
Proof. The inclusion S ⊆
{
0, 1uM ,
2
uM
, 3uM , . . . ,
i
uM
}
follows from the fact that all members of S are non-
negative multiples of 1uM and the greatest member of S is
M∑
n=m
qun − 1
un
= 1
um−1
− 1
uM
= i
uM
by Claim 2.11(b).
To prove the converse inclusion, it suffices to check that if x =
∑M
n=m
cn
un
∈ S and x < iuM , then 
x + 1uM ∈ S. This is clear whenever cM < quM − 1. Now suppose that cM = quM − 1. As x < iuM , there 
exists m ≤ k < M such that ck < qk − 1. Let k be the maximum with this property, so cj = quj − 1 for all 
k < j ≤ M . Then
x + 1
uM
=
k−1∑
n=m
cn
un
+ ck + 1
uk
belongs to S. 
Now we describe the open balls of 0 of radius 1um , where um is some term of the a-sequence u in N.
Proposition 2.13. Let u be an a-sequence in N. For m ∈ N and x ∈ T \ {0}, the following conditions are 
equivalent:
(a) x ∈ B 1
um
(0);
(b) suppu(x)  {1, . . . , m} and either ci(x) = 0 for every i ∈ {1, . . . , m} or ci(x) = qui − 1 for every 
i ∈ {1, . . . , m}.
Proof. (a)⇒(b) Let x ∈ B 1
um
(0), equivalently, either x ∈
[
0, 1um
)
or x ∈
(
1 − 1um , 1
)
. By Claim 2.11(c), 
suppu(x)  {1, . . . , m}.
If x ∈
[
0, 1um
)
, then ci(x) = 0 for every i ∈ {1, . . . , m}, otherwise x ≥ 1um (indeed, if ck(x) = 0 for some 
k ∈ {1, . . . , m} then x ≥ 1 ≥ 1 ).uk um
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(
1 − 1um , 1
)
. Equivalently, 1 − x ∈
(
0, 1um
)
. If suppu(x) is infinite, by (2.1) this 
means that c∗i (x) = 0 for i ∈ {1, . . . , m}, otherwise 1 − x ≥ 1um . If suppu(x) is finite, since suppu(x) 
{1, . . . , m}, by (2.1) we have that c∗i (x) = 0 for i = 1, . . . , m, otherwise 1 − x ≥ 1um .
(b)⇒(a) Assume that suppu(x)  {1, . . . , m}.
If ci(x) = 0 for every i ∈ {1, . . . , m}, then x =
∑∞
n=m+1
cn(x)
un
< 1um by Claim 2.11(a), hence x ∈ B 1um (0).
Assume now that ci(x) = qui − 1, that is, c∗i (x) = 0, for every i ∈ {1, . . . , m}. If suppu(x) is infinite, by 
(2.1) and Claim 2.11(a) we have
1 − x =
∞∑
n=m+1
c∗n(x)
un
<
1
um
.
If suppu(x) is finite, let k ∈ N be the maximum with ck(x) = 0 (k > m, since suppu(x)  {1, . . . , m}); then 
(2.1) and Claim 2.11(b) yield
1 − x =
k−1∑
n=m+1
c∗n(x)
un
+ c
∗
k(x) + 1
uk
<
1
um
.
In both cases, x ∈ B 1
um
(0). 
Let u be an a-sequence in N. Identify the finite cyclic group Z(qun) with {0, 1, . . . , qun − 1}. Let
C∗u =
∏
n∈N
Z(qun), q∗u := (qun − 1) ∈ C∗u and Cu := C∗u \
(
q∗u +
⊕
n∈N
Z(qun)
)
.
In these terms, the canonical representation (1.1) induces a bijection
cu : [0, 1) → Cu, x → cu(x) = (cn(x)). (2.2)
Consider on Cu the lexicographical order ≺. The bijection in (2.2) preserves the order:
Lemma 2.14. Let u be an a-sequence in N. If x < y in [0, 1), then cu(x) ≺ cu(y).
Proof. Assume that c1(y) < c1(x). Since yN+1 =
∑∞
n=2
cn(y)
un
< 1u1 by Claim 2.11(a), it follows that y <
c1(y)+1
u1
≤ x, against the hypothesis. Therefore, c1(x) ≤ c1(y). If c1(x) < c1(y), then c(x) ≺ c(y). If 
c1(x) = c1(y), consider the truncations xN+1 and yN+1; reasoning as above, we conclude that c2(x) ≤ c2(y). 
If c2(x) < c2(y), then cu(x) ≺ cu(y). If c2(x) = c2(y), consider the truncations xN+2 and yN+2. Proceeding 
this way by induction, since cu(x) = cu(y) as cu is injective, one finds a minimum n0 ∈ N such that 
cn0(x) < cn0(y). Hence, cu(x) ≺ cu(y). 
3. The set KuL
In this section we consider only a-sequences u in N and we examine the properties of KuL for a subset L
of N. We will assume L to be infinite and not cofinite in view of Claim 3.2.
3.1. Basic properties of KuL
We start with some basic properties:
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(a) If L1 ⊆ L2, then KuL1 ⊆ KuL2 .
(b) If L = L1 ∪ L2, then KuL ⊆ KuL1 + KuL2 . Moreover, if L1 ∩ L2 = ∅, then KuL1 + KuL2 = KuL.
(c) If L1 ∪ L2 = N, then KuL1 + KuL2 = T.
Proof. (a) is clear and (c) follows from (b).
(b) Assume that L = L1 ∪ L2. If x ∈ KuL, then x =
∑
n∈L
cn(x)
un
. Clearly, we can write
x =
∑
n∈L′1
cn(x)
un
+
∑
n∈L′2
cn(x)
un
,
where L′i ⊆ Li and so 
∑
n∈L′1
cn(x)
un
∈ KuL′i , for i = 1, 2. Hence, x ∈ K
u
L1
+ KuL2 . This proves that K
u
L ⊆
KuL1 + K
u
L2
.
We verify the converse inclusion under the assumption that L1 ∩ L2 = ∅. Let x ∈ KuL1 + KuL2 , then 
x = x1 + x2, where xi =
∑
n∈Li cn(xi) ∈ KuLi , for i = 1, 2. Since L1 ∩ L2 = ∅, we have that
cn(x) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
cn(x1) if n ∈ L1;
cn(x2) if n ∈ L2;
0 if n ∈ N \ L.
In particular, supp(x) ⊆ L, that is, x ∈ KuL. This proves the inclusion KuL1 + KuL2 ⊆ KuL. 
The next claim justifies the assumption on L to be an infinite non-cofinite subset of N.
Claim 3.2. Let u be an a-sequence in N and L a subset of N.
(a) If L is finite, then KuL is finite as well and so KuL is a closed D-set.
(b) If L is a cofinite subset of N, then:
(i) when L is proper, KuL is not closed;
(ii) μ(KuL) > 0 and so KuL is not a D-set.
In particular, L is not cofinite whenever KuL is a D-set.
Proof. (a) is clear.
(b) Since L is cofinite, L contains {n ∈ N : n ≥ k} for some k ∈ N, and we choose k ∈ N to be the 
minimum with this property.
(i) Since L is proper, k > 1 and so x := 1uk−1 /∈ KuL. For every n ∈ N0, let xn =
∑n
i=0
quk+i−1
uk+i
∈ KuL; then 
the sequence (xn)n∈N0 in KuL converges to x.
(ii) Since L is cofinite, L contains a subset L′ = {n ∈ N : n > m} for some m ∈ N. Then KuL contains 
KuL′ =
[
0, 1um
)
. Hence, μ(KuL) > 0. By Lemma 2.6, we conclude that KuL cannot be a D-set. 
3.2. Reduction to the cases L = 2N or L = 2N − 1
Let u be an a-sequence in N and L an infinite non-cofinite subset of N. For every k ∈ N, let
Ak := {x ∈ T : suppu(x) ⊆ Lk} = {x ∈ T : cn(x) = 0 for n ∈ N \ Lk}.
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KuL =
∑
k∈N
Ak. (3.1)
The choice of the letter “A” is motivated by the fact that Ak is an arithmetic progression; indeed, according 
to Lemma 2.12,
Ak =
{
0, 1
uMk
,
2
uMk
, . . . ,
ik
uMk
}
, where ik =
uMk
umk−1
− 1; (3.2)
namely, ikuMk =
1
umk−1
− 1uMk .
We see now that the study of the sets KuL can be reduced to the cases when either L = 2N or L = 2N −1.
Proposition 3.3. Let u be an a-sequence in N and L an infinite non-cofinite subset of N.
(a) If 1 /∈ L, then KuL = Kv2N and q˜Ln = qv2n+1 for every n ∈ N, where v2k := uMk and v2k−1 := umk−1 for 
every k ∈ N.
(b) If 1 ∈ L, then KuL = Kw2N−1 and q˜Ln = qw2n for every n ∈ N, where w2k−1 := uMk and w2k := umk+1−1
for every k ∈ N.
Proof. Let x ∈ KuL. In view of (3.1) and (3.2), x =
∑
k∈N
jk
uMk
for some jk ∈ N0 with 0 ≤ jk ≤ ik.
(a) By the choice of v, we have ik =
uMk
umk−1
− 1 = qv2k − 1. Therefore, x =
∑
k∈N
jk
v2k
∈ Kv2N. Moreover, 
q˜Ln =
umn+1−1
uMn
= qv2n+1 for every n ∈ N.
(b) By the choice of w, we have ik =
uMk
umk−1
− 1 = qw2k−1 − 1. Therefore, x =
∑
k∈N
jk
w2k−1
∈ Kw2N−1. 
Moreover, q˜Ln =
umn+1−1
uMn
= qw2n for every n ∈ N. 
By Proposition 3.3 and the next remark, for our aims we can always reduce to the case Ku2N.
Remark 3.4. Let u be an a-sequence in N and L an infinite non-cofinite subset of N such that 1 ∈ L.
(a) Then
KuL = Ku{1} + KuL∗ ,
where L∗ = L \ {1}. Note that 1 /∈ L∗ and that Ku{1} =
{
0, 1u1 , . . . ,
qu1 −1
u1
}
; moreover, KuL∗ ⊆
[
0, 1u1
)
by 
Claim 2.11(a). Moreover, we can write KuL as the disjoint union
KuL =
⋃˙
a∈Ku{1}
a + KuL∗ . (3.3)
(b) If 2 ∈ L, then q˜L∗n = q˜Ln for every n ∈ N; otherwise, we are in the case L1 = {1} and q˜L
∗
n = q˜Ln+1 for 
every n ∈ N.
(c) We will use that
sup
n∈N
q˜L
∗
n = +∞ ⇔ sup
n∈N
q˜Ln = +∞. (3.4)
We see now that KuL is closed in T when L is an infinite non-cofinite subset of N. We apply Proposition 3.3
and Remark 3.4 to reduce to the case when L = 2N.
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Proof. We prove first that
Ku2N is closed. (3.5)
To this end, we verify that the complement of Ku2N is open. Let x ∈ T \ Ku2N (so, x = 0) and let n¯ ∈ N \ 2N
be the minimum such that cn¯(x) = 0. Moreover, let t ∈ {n ∈ N : n ≥ n¯ + 2} be the minimum such that 
ct(x) < qt − 1. Note that, in view of (2.1),
1 − x ≥ 1
ut
. (3.6)
We verify now that
B 1
ut
(x) ⊆ T \ Ku2N (3.7)
and this will give that T \ Ku2N is open, hence (3.5) holds true. To verify (3.7), we take y ∈ Ku2N and prove 
that
‖x − y‖ ≥ 1
ut
. (3.8)
Let n0 ∈ N be the minimum such that cn0(x) = cn0(y) and let
z :=
⎧⎨⎩0 if n0 = 1∑n0−1
n=1
cn(x)
un
if n0 > 1.
In particular, n0 ≤ n¯; moreover,
n0 < n¯ =⇒ n0 ∈ 2N, (3.9)
as cn(x) = cn(y) = 0 for every n ∈ N \ 2N with n < n0.
We consider first the case when y > x, that is, y − x > 0. Then cn0(y) > cn0(x) in view of Lemma 2.14; 
hence, n0 < n¯ and n0 ∈ 2N by (3.9). Since y < 1u1 , we have
1 − (y − x) ≥ 1 − y ≥ 1 − 1
u1
≥ 1
ut
. (3.10)
Moreover,
y ≥ y′ := z + cn0(y)
un0
x ≤ x′ := z + cn0(y) − 1
un0
+
t∑
n=n0+1
qn − 1
un
.
Then
y − x ≥ y′ − x′ = 1
un0
−
t∑ qn − 1
un
= 1
ut
. (3.11)n=n0+1
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We consider now the case when y < x, that is, x − y > 0. Then cn0(y) < cn0(x) in view of Lemma 2.14. 
By (3.6), we have that
1 − (x − y) ≥ 1 − x ≥ 1
ut
. (3.12)
We have two cases.
First assume that n0 < n¯, so n0 ∈ 2N by (3.9). Then
x ≥ x′′ := z + cn0(x)
un0
+ 1
un¯
and y ≤ y′′ := z + cn0(x)
un0
= x′′ − 1
un¯
.
Hence, x − y ≥ x′′ − y′′ = 1un¯ ≥ 1ut . This, together with (3.12), gives ‖x − y‖ ≥ 1ut , that is, (3.8).
Assume now that n0 = n¯. We have that
x ≥ x′′′ :=z + 1
un¯
y ≤ y′′′ :=z + 0
un¯
+ qn¯+1 − 1
un¯+1
+ 1
un¯+2
.
Therefore,
x − y ≥ x′′′ − y′′′ = 1
un¯
− qn¯+1 − 1
un¯+1
− 1
un¯+2
= 1
un¯+1
− 1
un¯+2
= qn¯+1 − 1
un¯+2
≥ 1
ut
.
This, together with (3.12), gives ‖x − y‖ ≥ 1ut , that is, (3.8). Hence, (3.5) holds true.
We consider now the general case. If 1 /∈ L, then KuL = Kv2N for a suitable subsequence v of u by 
Proposition 3.3, so KuL is closed by (3.5). If 1 ∈ L, letting L∗ = L \{1}, we have that KuL =
⋃˙
a∈Ku{1}a +K
u
L∗
by (3.3). Since 1 /∈ L∗, we have that KuL∗ is closed by the previous case. Moreover, a + KuL∗ is closed for 
every a ∈ Ku{1}. Since Ku{1} is finite, we can conclude that KuL is closed. 
3.3. KuL is a Cantor-like set
Fix an a-sequence u in N. In view of Proposition 3.3 and Remark 3.4, first we prove that Ku2N is a 
Cantor-like set and then we deduce the general case in Theorem 3.8. When L = 2N, for every k ∈ N, we 
have Lk = {2k} and so
Ak =
{
0, 1
u2k
,
2
u2k
, . . . ,
q2k − 1
u2k
}
, where q2k − 1
u2k
= 1
u2k−1
− 1
u2k
. (3.13)
As observed in (3.1),
Ku2N =
∞∑
k=1
Ak. (3.14)
Let
Ik =
[
0, 1
u2k−1
]
.
Clearly, Ak ⊆ Ik, Ik+1 ∩ Ak = {0} and Ak + Ik+1 ⊆ Ik.
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Fk = A1 + A2 + . . . + Ak.
Then Fk+1 = Fk + Ak+1. Clearly, 
⋃
k∈N Fk ⊆ Ku2N.
Unlike the sets Ak, the sets Fk need not be progressions, yet some nice properties of the sets Fk are 
available:
Lemma 3.6. Let k ∈ N.
(a) All elements of Fk are multiples of 1u2k .
(b) If x, y ∈ Fk are distinct, then |x − y| ≥ 1u2k and so (x + Ik+1) ∩ (y + Ik+1) = ∅.
(c) For every x ∈ Fk, x + Ak+1 + Ik+2 ⊆ x + Ik+1.
Proof. (a) is obvious and implies (b), while (c) follows from the fact that Ak+1 + Ik+2 ⊆ Ik+1. 
For every k ∈ N, let
Jk := {f + Ik+1 : f ∈ Fk}.
Lemma 3.7. Let k ∈ N. Then:
(a) Jk is a family of pairwise disjoint intervals;
(b) each interval of Jk+1 is contained in some interval of Jk (i.e., Fk+1 + Ik+2 ⊆ Fk + Ik+1);
(c) each interval of Jk contains at least two intervals of Jk+1;
(d) Ku2N ⊆
⋃Jk = Fk + Ik+1.
Proof. (a) By Lemma 3.6(b), Jk is a family of pairwise disjoint intervals.
(b) Let g + Ik+2 ∈ Jk+1. Then g = f + a, where f ∈ Fk and a ∈ Ak+1, so g + Ik+2 ⊆ f + Ik+1 ∈ Jk by 
Lemma 3.6(c).
(c) Take f + Ik+1 ∈ Jk. By Lemma 3.6(c), f + Ik+1 ⊇ f + a + Ik+2 ∈ Jk+2 for every a ∈ Ak+1.
(d) Since Ku2N =
∑
n∈N An by (3.14), where 
∑k
n=1 An = Fk by definition and 
∑∞
n=k+1 An ⊆ Ik+1 in view 
of Claim 2.11(a), we conclude that Ku2N ⊆
⋃Jk. 
We are now in position to prove the property announced in the subsection title.
Theorem 3.8. Let u be an a-sequence in N and L an infinite non-cofinite subset of N. Then KuL is a 
Cantor-like set.
Proof. We prove first that Ku2N is a Cantor-like set. By Lemma 3.7, 
⋃
k∈N Fk ⊆ Ku2N ⊆
⋂
k∈N
⋃Jk. Since ⋃
k∈N Fk is dense in 
⋂
k∈N
⋃Jk and Ku2N is closed by Lemma 3.5, we conclude that Ku2N = ⋂k∈N⋃Jk.
We consider now that general case. If 1 /∈ L, then KuL = Kv2N for a suitable subsequence v of u in 
view of Proposition 3.3, so KuL is a Cantor-like set by the previous case. If 1 ∈ L and L∗ = L \ {1}, then 
KuL =
⋃˙
a∈Ku{1}a + K
u
L∗ is a disjoint union by (3.3). Since 1 /∈ L∗, we have that KuL∗ is a Cantor-like set by 
the previous case. Consequently, a + KuL∗ is a Cantor-like set for every a ∈ Ku{1}. Since Ku{1} is finite and 
the union KuL =
⋃˙
a∈Ku{1}a + K
u
L∗ is disjoint, we conclude that KuL is a Cantor-like set, as well. 
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The aim of this section is to describe the sets KuL that are D-sets. In the first subsection we consider the 
special case when L = 2N, that is, the sets Ku2N; in the second subsection we deduce the general case.
4.1. When Ku2N is a D-set
Let u be an a-sequence in N and let b = (bn)n∈N be a sequence of integers with 0 ≤ bn < qun for every 
n ∈ N. Let
A(u,b) :=
{
cn
un
: n ∈ N, cn ∈ N, cn ≤ bn
}
and B(u,b) :=
{ ∞∑
n=1
cn
un
: cn ∈ N0, cn ≤ bn
}
.
Clearly, A(u, b) ⊆ B(u, b).
These sets will turn out to be relevant due to the property that they “capture” the set Ku2N:
A(w,b) ⊆ Ku2N ⊆ B(w,b), for bn := qu2n − 1 for every n ∈ N and wn := u2n for every n ∈ N0. (4.1)
Indeed, clearly cu2n ∈ Ku2N for every c ∈ N with c ≤ qu2n − 1, and every x =
∑
n∈N
c2n(x)
u2n
∈ Ku2N belongs to 
B(w, b) since c2n(x) ≤ qu2n − 1 for every n ∈ N by (1.1).
The inclusions in (4.1) and Proposition 4.3 will ensure that Ku2N is a D-set if and only if A(w, b) and 
B(w, b) are D-sets.
Lemma 4.1. Let 0 < bn < qun for every n ∈ N. If bnk+1qunk+1 → 0, then (unk)k∈N witnesses that B(u, b) is a 
D-set.
Proof. Let x =
∑
n∈N
cn(x)
un
∈ B(u, b). Then unx = un
∑
i∈N
ci(x)
ui
≡Z
∑
i>n
ci(x)un
ui
. Therefore, also by 
Claim 2.11(a),
‖unx‖ =
∥∥∥∥∥∑
i>n
ci(x)un
ui
∥∥∥∥∥ ≤ un∑
i>n
ci(x)
ui
≤ bn+1
qun+1
+ un
∑
i>n+1
ci(x)
ui
≤ bn+1
qun+1
+ 1
qun+1
≤ 2bn+1
qun+1
.
This entails supx∈B(u,b) ‖unx‖ ≤ 2 · bn+1qun+1 for every n ∈ N, so the thesis follows. 
The following lemma is folklore (e.g., can be found in [36]).
Lemma 4.2. Let ε ∈ (0, 13) and x ∈ [0, ε] with ‖ix‖ ≤ ε for i = 1, . . . , N . Then Nx ≤ ε.
The next result is fundamental for the complete description of the sets KuL that are D-sets. In its proof 
we use the fact that, given an a-sequence u in N, one can write every natural number v ∈ N in a unique 
way as a finite sum
v =
∑
i≥k
aiui (4.2)
with k ∈ N0, ai ∈ N0, ai < qui+1, ak = 0. Note that uk|v, while ui  |v for all i > k. Note that for every 
natural v divisible by u1 there exists a uniquely determined index k ∈ N0 with this property. We denote it 
by ou(v) := k.
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are equivalent:
(a) A(u, b) is a D-set;
(b) B(u, b) is a D-set;
(c) infn∈N bnqun = 0.
Proof. (b)⇒(a) is clear.
(a)⇒(c) We have to prove that for every ε > 0 there exists k ∈ N0 such that bk+1quk+1 ≤ ε. To this end 
we pick ε ∈
(
0,min
{
1
u1
, 13
})
. By Lemma 2.3(c) there exists v ∈ N such that supx∈A(u,b) ‖vx‖ ≤ ε. Since 
ε < 1u1 and 
1
u1
∈ A(u, b), we deduce that u1|v. Let k ∈ N0 such that uk|v and uk+1  |v, i.e., k = ou(v). We 
show that
bk+1
quk+1
≤ ε. (4.3)
Write v as in (4.2) and let k := ou(v). For c ∈ N with c ≤ bk+1, since ‖v · cuk+1 ‖ ≤ ε and v · cuk+1 ≡Z c ·
ak
quk+1
, 
we get ∥∥∥∥c · akquk+1
∥∥∥∥ ≤ ε for every c = 1, 2, . . . , bk+1. (4.4)
Moreover,
1
quk+1
≤ ak
quk+1
≤ (quk+1 − 1)
1
quk+1
= 1 − 1
quk+1
. (4.5)
We now distinguish two cases.
If akquk+1 ≤ ε, from Lemma 4.2 and by (4.4) one can deduce bk+1 ·
ak
quk+1
≤ ε, and so bk+1quk+1 ≤ ε.
If akquk+1 > ε, from (4.4) and (4.5) it follows that
1 − ε ≤ ak
quk+1
≤ 1 − 1
quk+1
,
whence
1
quk+1
≤ 1 − ak
quk+1
≤ ε. (4.6)
This yields 
∥∥∥(1 − akquk+1) · c∥∥∥ ≤ ε for c = 1, . . . , bk+1. Again by Lemma 4.2, (1 − akquk+1) · bk+1 ≤ ε and finally, 
thanks to (4.6), one concludes that bk+1quk+1 ≤ ε. Hence (4.3) is proved.
(c)⇒(b) is contained in Lemma 4.1. 
The following is an interesting consequence of Proposition 4.3.
Corollary 4.4. Let u be an a-sequence in N. Then 
{
1
un
: n ∈ N
}
is a D-set precisely when (qun)n∈N is not 
bounded.
Proof. Apply Proposition 4.3 (a)⇔(c) with bn = 1 for all n ∈ N. 
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bn+1
qun
= 0. This follows 
from the clear inequalities bnqun ≤
bn+1
qun
≤ 2 bnqun .
By applying Proposition 4.3, we can now give an equivalent condition for Ku2N to be a D-set.
Corollary 4.6. Let u be an a-sequence in N. Then Ku2N is a D-set if and only if supn∈N qu2n+1 = +∞. More 
precisely, if qu2nk+1 → +∞, then the sequence (u2nk)k∈N witnesses that Ku2N is a D-set.
Proof. Put bn := qu2n − 1 and wn := u2n for every n ∈ N; then A(w, b) ⊆ Ku2N ⊆ B(w, b) as observed in 
(4.1). Consequently, by Proposition 4.3 and Remark 4.5, and in view of the fact that a subset of a D-set is 
a D-set as well, we obtain that Ku2N is a D-set if and only if infn∈N bn+1qwn = 0. This condition is equivalent 
to supn∈N qu2n+1 = +∞, since
bn + 1
qwn
= q
u
2n
qwn
= u2n
u2n−1
· u2n−2
u2n
= u2n−2
u2n−1
= 1
qu2n−1
. (4.7)
To prove that last assertion, assume that qu2nk+1 → +∞. Then, by (4.7), 
bnk+1
qwnk+1
→ 0. Moreover, bn < qwn
again by (4.7). Thus, Lemma 4.1 applies. 
4.2. When KuL is a D-set
Now we go back to the general set KuL and see when it is a D-set. Since we apply Corollary 4.6 about 
Ku2N, we need the following lemma.
Lemma 4.7. Let u be an a-sequence in N, L an infinite non-cofinite subset of N such that 1 ∈ L and 
L∗ = L \ {1}. If v is a subsequence of u witnessing that KuL∗ is a D-set, then v witnesses that KuL is a 
D-set.
Proof. By (3.3) we have KuL =
⋃˙
a∈Ku{1}a + K
u
L∗ , where Ku{1} =
{
0, 1u1 , . . . ,
qu1 −1
u1
}
. Being v a subsequence 
of u, u1 divides vn for every n ∈ N; hence, for a ∈ Ku{1} and x ∈ KuL∗ , we have ‖vn(a + x)‖ = ‖vnx‖. This 
implies that v witnesses that a + KuL∗ is a D-set, hence v witnesses that KuL is a D-set. 
Now we are in position to prove our main theorem on the description of all sets of the form KuL that are 
D-sets.
Theorem 4.8. Let u be an a-sequence in N, L an infinite non-cofinite subset of N, and let mL = (uMLn )n∈N. 
Then the following conditions are equivalent:
(a) supn∈N q˜Ln = +∞;
(b) KuL is a D-set;
(c) some subsequence w of mL witnesses that KuL is a D-set;
(d) some subsequence w of mL witnesses that KuL is an A-set (i.e., KuL ⊆ tw(T)).
Proof. We start by proving the equivalence of (a), (b) and (c).
Assume first that 1 /∈ L. By Proposition 3.3, KuL = Kv2N and q˜Ln = qv2n+1 for every n ∈ N, where 
v2k := uMk and v2k−1 := umk−1 for every k ∈ N.
(a)⇔(b) By Corollary 4.6 we get that Kv2N is a D-set if and only if supn∈N qv2n+1 = +∞, that is, 
supn∈N q˜Ln = +∞.
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Assume now that 1 ∈ L and let L∗ = L \ {1}. By the previous case, the thesis holds true for KuL∗ , so 
we call (a∗), (b∗) and (c∗) the conditions of the statement for KuL∗ . (a) is equivalent to (a∗) by (3.4) in 
Remark 3.4 and (c) is equivalent to (c∗) by Lemma 4.7 since KuL∗ ⊆ KuL. Hence, we have (a)⇔(c). Moreover, 
(c)⇒(b) is obvious. To conclude, note that (b) implies (b∗) since KuL∗ ⊆ KuL, now (b∗) is equivalent to (c∗), 
which is equivalent to (c).
Thus, we have that (a), (b) and (c) are equivalent.
(c)⇒(d) is clear.
(d)⇒(a) Let w = (uMnk )k∈N be a subsequence of mL. Assume for a contradiction that the sequence q˜Ln
is bounded. Hence, q˜Ln ≤ C for some C > 0 and all n ∈ N. To prove that KuL  tw(T), consider
x =
∞∑
j=1
cj
umnj
∈ KuL, where cj =
⌈
qumnj − 1
2
⌉
.
Then, ‖uMnk x‖ = ‖uMnk x′‖, with x′ =
∑∞
j=k+1
cj
umnj
. Since
x′ ≤
∞∑
j=k+1
qumnj
− 1
umnj
≤ 1
umnk+1 −1
,
we have
uMnk x
′ ≤ uMnk
umnk+1 −1
≤ 12 .
Therefore, ‖uMnk x′‖ = uMnk x′. Moreover,
uMnk x
′ ≥ uMnk2
qumnk+1
− 1
umnk+1
=
uMnk
2
(
1
umnk+1 −1
− 1
umnk+1
)
=
=
uMnk
2umnk+1 −1
(
1 − 1
qumnk+1
)
= 12q˜Lnk
(
1 − 1
qumnk+1
)
≥ 14C .
This shows that uMnk x
′ −→ 0. 
Needless to say, the equivalence of (c) and (d) in the above theorem brings more light on the strong 
connection between the notions of D-set and A-set. Note that w in (c) and (d) of the above theorem is a 
subsequence of mL such that q˜Lnk ↑ +∞.
The next lemma will be used in its counter-positive form; its proof is straightforward.
Lemma 4.9. Let u be an a-sequence in N and L an infinite non-cofinite subset of N. Then supn∈N q˜Ln < +∞
if and only if {qun : n ∈ N \ L} is bounded and L is large.
By Lemma 4.9, it is immediate to get the following consequence of Theorem 4.8.
Corollary 4.10. Let u be an a-sequence in N and let L be an infinite non-cofinite subset of N.
(a) If L is non-large, then KuL is a D-set (and a subsequence of u witnesses that KuL is a D-set).
(b) If u is q-bounded, then KuL is a D-set if and only if L is non-large.
(c) If {qun : n ∈ N \ L} is not bounded, then KuL is a D-set.
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largeness of L, but the more subtle condition supn∈N q˜Ln = +∞ of Theorem 4.8(a). The relationship between 
the largeness of L and this property is described in Lemma 4.9. Now we give an example of a D-set KuL, 
with a large set L.
Example 4.11. Let L = 2N and u = ((n +1)!)n∈N0 . Then KuL is a D-set by Theorem 4.8, since q˜Ln = qu2n+1 =
2n + 2 → +∞. Obviously, L = 2N is large.
5. Factorizable subgroups of T
In this section we give a contribution towards the solution of the “factorization” component (b) of 
Problem 1.11.
5.1. T is factorizable
The next result is somewhat surprising since D-sets have measure 0. It positively answers the second 
question in Problem 1.11(b). The same result was proved in [34] for u = (2n)n∈N0 .
Theorem 5.1. Let u be an a-sequence in N and L a non-large subset of N with non-large complement 
G := N \ L. Then T = KuL + KuG and there exist two subsequences v and w of u such that v and w witness 
respectively that KuL and KuG are D-sets. In particular, T = tv(T) + tw(T) is a-factorizable.
Proof. By Lemma 3.1(c), T = KuL + KuG. By Corollary 4.10(a), there exist two subsequences v and w of 
u such that v and w witness respectively that KuL and KuG are D-sets. The fact that T = tv(T) + tw(T)
follows from the first assertion and from the fact that KvL ⊆ tv(T) and KwG ⊆ tw(T) by Lemma 2.2(c). 
The following example is a particular case of Theorem 5.1 giving a simple way to write T as the sum 
of two closed perfect D-sets of the form KuL, and consequently as the sum of two proper characterized 
subgroups.
Example 5.2. Let u be an a-sequence in N such that qun → +∞. By Theorem 4.8, v := (u2n)n∈N witnesses 
that Ku2N is a D-set and w := (u2n−1)n∈N witnesses that Ku2N−1 is a D-set. Moreover, T = Ku2N + Ku2N−1 by 
Lemma 3.1(c). Consequently, T = tv(T) + tw(T) by Lemma 2.2(c).
From the above example and Lemma 2.9 we can easily find two D-sets such that their union is not a 
D-set. Indeed, take D1 = Ku2N and D2 = Ku2N−1 as in Example 5.2 and observe that D1 and D2 are D-sets 
containing 0. As D1 + D2 = T is not a D-set, we conclude that D1 ∪ D2 is not a D-set either.
5.2. Countable factorizable subgroups of T
Here we describe the countable subgroups of T that are factorizable and a-factorizable. As recalled in 
the introduction, it is known from [7] that every countable subgroup of T is characterized.
The next example shows that for q-bounded a-sequences u in N, the (necessarily countable) characterized 
subgroups tu(T) are not forced to be neither factorizable nor unfactorizable.
Example 5.3.
(a) Let p be a prime and let u = (pn)n∈N0 . Then tu(T) = Z(p∞) is an indecomposable group (cannot be 
written as a sum of two proper subgroups), so tu(T) is not factorizable.
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v = (pn)n∈N0 and w = (qn)n∈N0 one has tv(T) = Z(p∞) and tw(T) = Z(q∞); so, tu(T) is factorizable.
In order to describe the countable subgroups of T that are factorizable and a-factorizable, we start from 
some purely algebraic results. Let N be the class of all abelian groups G such that, if G = H + K for some 
subgroups H and K of G, then either G = H or G = K.
Lemma 5.4. If G ∈ N and H is a subgroup of G, then G/H ∈ N .
Proof. Let q : G → G/H be the canonical projection. If G/H /∈ N , then G/H = K1 + K2 for some proper 
subgroups K1, K2 of G/H. Then G = q−1(K1) +q−1(K2) and q−1(K1), q−1(K2) are proper subgroups of G; 
hence, G /∈ N . 
Lemma 5.5. If G ∈ N is divisible or cyclic, then G is cocyclic.
Proof. In case G is divisible, one can apply the structure theorem of divisible abelian groups. Since G ∈ N , 
then either G = Z(p∞) for some prime p and so G is cocyclic, or G = Q. So it is enough to rule out the case 
G = Q. To this end, note that Q/Z is an infinite direct sum of Prüfer groups, so Q/Z /∈ N and so Q /∈ N
by Lemma 5.4.
In case G is cyclic we note first that G cannot be infinite, as Z/6Z ∼= Z(2) × Z(3) and so Z /∈ N by 
Lemma 5.4. If G is finite and m = |G| is not a prime power, one can again represent G as a direct sum of 
two proper subgroups. Therefore, G ∼= Z(pn) for some prime p and n ∈ N. 
Proposition 5.6. Let G be an abelian group. Then G ∈ N if and only if G is cocyclic.
Proof. If G is cocyclic, then obviously G ∈ N . Assume now that G ∈ N . When G is divisible, then G
is necessarily cocyclic by Lemma 5.5. Suppose now that G ∈ N is not divisible; then G = pG for some 
prime p. Then G/pG ∈ N by Lemma 5.4 and G/pG is an elementary p-group, so direct sum of cyclic groups 
of order p, hence G/pG is cyclic. If x ∈ G projects on the generator of G/pG, then G = pG + C, with 
C = 〈x〉 cyclic. As G = pG, we deduce that G = C is cyclic. Now again by Lemma 5.5 we conclude that G
is cocyclic. 
Now we can describe all factorizable countable subgroups of T as follows:
Theorem 5.7. A countable subgroup H of T is factorizable if and only if H is not cocyclic.
Proof. If H is factorizable, in particular G /∈ N and so G is not cocyclic by Proposition 5.6. Assume now 
that H is not cocyclic; by Proposition 5.6, equivalently H = H1+H2 where H1 and H2 are proper subgroups 
of H. Being countable, H1 and H2 are characterized (see [7]). 
Next we describe in Theorem 5.9 all a-factorizable countable subgroups of T, we shall see that they are 
necessarily a-characterized. We recall first known results describing completely the countable a-characterized 
subgroups of T.
Remark 5.8.
(a) It is known from [12, Corollary 2.8] (see also [16, Corollary 3.8] and [17, Theorem 3.12]) that an 
a-characterized subgroup H = tu(T) of T is countable if and only if H ⊆ Q/Z. This occurs precisely 
when u is q-bounded. Moreover, according to [5], in this case
H =
k⊕
i=1
Z(plii ) ⊕
m⊕
i=k+1
Z(p∞i ), for pairwise distinct primes {p1, . . . , pm} and l1, . . . , lk ∈ N.
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a-sequence u in N defined by
u1 = qu1 =
k∏
i=1
plii and qun =
m∏
i=k+1
pi, for every n ∈ N, n ≥ 2.
Now we prove that a countable a-characterized subgroup of T is (a-)factorizable if and only if it is not 
cocyclic.
Theorem 5.9. Let H be a countable subgroup of T. Then the following conditions are equivalent:
(a) H is a-factorizable;
(b) H is a-characterized and non-cocyclic;
(c) H =
⊕k
i=1 Z(p
li
i ) ⊕
⊕m
i=k+1 Z(p∞i ), for pairwise distinct primes {p1, . . . , pm}, with m ≥ 2;
(d) H is a-characterized and factorizable.
Proof. (b)⇒(c) follows from Remark 5.8(a) and (c)⇒(b) follows from Remark 5.8(b).
(a)⇒(c) Assume that H is a-factorizable. Then H = H1+H2, where H1 and H2 are proper a-characterized 
subgroups of H. Then the thesis follows from Remark 5.8(a).
(c)⇒(a) follows from Remark 5.8(b).
The equivalence of (b) and (d) follows from Theorem 5.7. 
5.3. Uncountable characterized subgroups of T that are factorizable
In this section we consider the a-characterized subgroups tu(T) of T such that qun → +∞, and we prove 
that they are a-factorizable in Theorem 5.16.
First of all, we offer two technical lemmata:
Lemma 5.10. Let u be an a-sequence in N and let (an)n∈N be a sequence in N0. Then:
(a)
∥∥∥anunx − an cn+1(x)qun+1 ∥∥∥ ≤ anqun+1 ;
(b) if A is an infinite subset of N and anqun+1 → 0, then limn∈A,n→+∞ ‖anunx‖ = 0 if and only if 
limn∈A,n→+∞
∥∥∥ancn+1(x)qun+1 ∥∥∥ = 0.
Proof. Observe that
unx ≡Z un cn+1(x)
un+1
+ un
(
cn+2(x)
un+2
+ . . .
)
.
Hence 
(
anunx − an cn+1(x)qun+1
)
≡Z anun
(
cn+2(x)
un+2
+ . . .
)
. So
∥∥∥∥anunx − ancn+1(x)qun+1
∥∥∥∥ = ∥∥∥∥anun(cn+2(x)un+2 + . . .
)∥∥∥∥ ≤ ∣∣∣∣anun(cn+2(x)un+2 + . . .
)∣∣∣∣ ≤ anqun+1 ,
where the last inequality holds true thanks to Claim 2.11(a).
(b) The desired equivalence holds in virtue of (a) since anqun+1 → 0. 
The following second lemma will be used in Proposition 5.13, where both the a-sequence u and the 
sequence (an)n∈N0 are subsequences of (pn)n∈N0 for some prime p.
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(a) anqun+1 → 0;
(b) inf
∥∥∥ a2nqun+1 ∥∥∥ = ε > 0;
(c) an divides qun+1 for every n ∈ N.
Take:
(i) an arbitrary partition N = A1∪˙A2 with infinite sets A1, A2, and
(ii) u(i), for i = 1, 2, the increasing one-to-one sequence whose terms are {un : n ∈ N} ∪ {anun : n ∈ Ai}.
Then u(i) is an a-sequence for i = 1, 2 and
tu(1)(T) + tu(2)(T) = tu(T) and tu(i)(T) = tu(T), i = 1, 2.
(In particular tu(T) is a-factorizable.)
Proof. By the condition in item (c) the sequences u(i) with i = 1, 2 are a-sequences, since un+1 =
qun+1
an
·anun
for every n ∈ N0.
Since u is a subsequence of u(i) for i = 1, 2, one has tu(1)(T) + tu(2)(T) ⊆ tu(T). It remains to check the 
inclusion
tu(T) ⊆ tu(1)(T) + tu(2)(T). (5.1)
To this end, pick x ∈ tu(T); we have
x = z1 + z2, where z1 := xA2+1 and z2 :=
c1(x)
u1
+ xA1+1.
We claim that
z1 ∈ tu(1)(T) and z2 ∈ tu(2)(T).
To verify that z2 ∈ tu(2)(T), it suffices to check that
lim
n→+∞ ‖unz2‖ = 0 and limA2n→+∞ ‖anunz2‖ = 0. (5.2)
The first equality in (5.2) follows from Theorem 1.4, because x ∈ tu(T). For the second equality in (5.2), 
note that cn+1(z2) = 0 if n ∈ A2, so by (a) and Lemma 5.10 we get
lim
A2n→+∞
‖anunz2‖ = lim
A2n→+∞
∥∥∥∥ancn+1(z2)qun+1
∥∥∥∥ = 0.
One can check in a similar way that z1 ∈ tu(1)(T). This ends up the proof of (5.1).
Finally, fixed i = 1, 2, we check that tu(i)(T) = tu(T) by exhibiting an element yi ∈ tu(T) \ tu(i)(T). To 
this end, set
yi :=
∑ an
un+1
;n∈Ai
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since applying the hypothesis in item (a) we have∥∥∥∥cn+1(yi)qun+1
∥∥∥∥ = ∥∥∥∥ anqun+1
∥∥∥∥ ≤ anqun+1 → 0.
We see now that
yi /∈ tu(i)(T).
Observe that, for k ∈ Ai,
ukyi ≡Z uk ak
uk+1
+ uk
∑
n∈Ai,n>k
an
un+1
= ak
quk+1
+ uk
∑
n∈Ai,n>k
an
un+1
.
Hence, (
akukyi − a
2
k
quk+1
)
≡Z akuk
∑
n∈Ai,n>k
an
un+1
.
By Claim 2.11(a),
∥∥∥∥akukyi − a2kquk+1
∥∥∥∥ =
∥∥∥∥∥∥akuk
∑
n∈Ai,n>k
an
un+1
∥∥∥∥∥∥ ≤
∣∣∣∣∣∣akuk
∑
n∈Ai,n>k
an
un+1
∣∣∣∣∣∣ ≤ akquk+1 .
Since, by the hypotheses in items (a) and (b), we have
lim
Aik→+∞
ak
quk+1
= 0 and inf
k∈Ai
∥∥∥∥ a2nqun+1
∥∥∥∥ > 0,
we conclude that ‖akukyi‖  0 for Ai  k → +∞, and so that yi /∈ tu(i)(T). 
Remark 5.12. If one omits the assumption in item (c) of the statement of Lemma 5.11, the sequences u(1), 
u(2) produced in the above proof need not be a-sequences, indeed,
u(i)n ≤ anun ≤ un+1 = qun+1un,
so anun may fail to divide un+1 for example when qun+1 is a prime number. Nevertheless, the above argument 
shows that tu(T) is factorizable anyway.
A sequence (an)n∈N0 with the properties in items (a) and (b) of Lemma 5.11 (with ε = 12) can be produced 
by setting an :=
⌈√
qun+1
2
⌉
for every n ∈ N0.
The next proposition covers the case of Theorem 5.16 of sequences of powers of a fixed prime number.
Proposition 5.13. Let u be an a-sequence in N with qun → +∞ and such that u is a subsequence of (pn)n∈N0
for some prime number p. Then tu(T) is a-factorizable.
Proof. For every n ∈ N0, let un = pkn and dn = kn+1 − kn; so,
qun+1 = pdn .
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an = p	
dn
2 
−1.
It is a straightforward verification that (an)n∈N0 fulfills the conditions of Lemma 5.11. 
In [16, Remark 3.9], using an argument from [12, Corollary 2.8] it was proved that tu(T) is not divisible 
when u is an a-sequence with qun → +∞. The same argument could be used to prove the following lemma. 
We give a completely different proof here for reader’s convenience.
Lemma 5.14. Let u be an a-sequence in N such that qun → +∞. Let p be a prime number such that p divides 
u1 and let vn := unp for every n ∈ N. Then
ptu(T) ≤ tv(T)  tu(T).
In particular, tu(T) is not divisible.
Proof. The inclusion ptu(T) ≤ tv(T) holds true since x ∈ tu(T) implies vn(px) = unx → 0 in T. Moreover, 
tv(T) ≤ tu(T) as x ∈ tv(T) implies vnx → 0 and so unx = pvnx → 0 in T.
In the rest of the proof we give an element x ∈ tu(T) \ tv(T). Let c1 = 1 and for every n > 1, let 
cn ∈ {0, 1, . . . , p − 1} be such that qun + cn ≡p 1. We verify by induction that
un
(
n∑
i=1
ci
ui
)
≡p 1. (5.3)
For n = 1 we have defined c1 = 1. Assume now that n > 1; then, by inductive hypothesis,
un+1
n+1∑
i=1
ci
ui
≡p qun+1 + cn+1 ≡p 1.
Set now
x :=
∑
n∈N
cn
un
and note that this is the canonical representation of x (i.e., cn(x) = cn for every n ∈ N).
We prove now that
vnx → 1
p
in T. (5.4)
To this end, write
vnx =
un
p
⎛⎝∑
i≤n
ci
ui
⎞⎠+ un
p
(∑
i>n
ci
ui
)
.
By (5.3), we have
un
p
⎛⎝∑ ci
ui
⎞⎠ ≡Z 1
p
.i≤n
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un
p
(∑
i>n
ci
ui
)
≤ un
p
(∑
i>n
p − 1
ui
)
≤ un
p
p − 1
qun − 1
(∑
i>n
qun − 1
ui
)
≤ un
p
p − 1
qun − 1
1
un
= p − 1
p(qun − 1)
→ 0.
Therefore, (5.4) is verified and it implies that x /∈ tv(T) and also that unx = pvnx → 0 in T, that is, 
x ∈ tu(T). 
The following proposition covers the case left open from Proposition 5.13, that is when the a-sequence u
is not a subsequence of (pn)n∈N0 for some prime number p.
Proposition 5.15. Let u be an a-sequence in N such that qun → +∞. Let p1, p2 be two distinct primes such 
that p1p2 divides u1. Then tu(T) is a-factorizable.
Proof. For every n ∈ N, let
u(1)n :=
un
p1
and u(2)n :=
un
p2
.
Then u(1) and u(2) are a-sequences.
By Lemma 5.14, for i = 1, 2, we have that tu(i)(T) is a proper subgroup of tu(T) containing pitu(T). 
Moreover,
tu(T) ⊆ p1tu(T) + p2tu(T) ⊆ tu(1)(T) + tu(2)(T) ⊆ tu(T).
Therefore, tu(T) = p1tu(T) + p2tu(T) is a-factorizable. 
We are now in position to prove the main theorem of this subsection, by applying Propositions 5.13
and 5.15.
Theorem 5.16. Let u be an a-sequence in N with qun → +∞. Then tu(T) is a-factorizable.
Proof. If u is a subsequence of (pn)n∈N0 for some prime number p, then Proposition 5.13 applies. Otherwise, 
there exist k ∈ N and two different prime numbers p1, p2 such that the product p1p2 divides uk; we can 
assume without loss of generality that p1p2 divides u1, and hence Proposition 5.15 applies. 
Note that item (b) of Example 5.3 shows that qun → +∞ is not a necessary condition for the conclusion 
of Theorem 5.16.
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